Christmas Examination Monday 15 Dec.2025

Duration : 2 hours
Maths HL IB»
Part 1 ANSWERS

( 8 IB questions 106 marks )

| A calculator is not allowed for this fisrt part |

Problem 1 [ /19 marks |

(a) Solve 22=—1—/3i, giving your answer in the form z =r(cosf + i sinf)

the modulus of —1 —+/3i is 2, and its argument is arctan(y/3)=5 + :4%+2k7r

\/§(cos%r +i sin%”)

\/§(cos%7T +i sin%ﬂ)

therefore the modulus of zis v/2 and its argument is 2%4— km, then | z =

Verification : If z= :I:ﬂ((—é) + Z@): :l:%(—l +1/314)

then 22=2(1—3—2/3i)=—1—/3i okl
(b) Let z; and z2 be the square roots of —1 — +/3i

_VZ B, V2 B,
=3 ~ 3¢ = T30

Let zzand z4 be the square roots of —1 —+/3i
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The area of the rectangle is : A=Dbase x hight =+/2 x /6 =

(d) 1) +2(L)? +4=0e L2241 then w root of 4w 42w+ 1=0

| p=4,q=2,r=1 |

*

1 H b hight A
(e) m=-2 =2 same for the other k; then A/=22¢  Msht _ 2 _| V3
z1 |z1] 2 2 2 4 2




Problem 2 [ /6 marks|

4 2

iAo 1 ) . sec’x—cos'x

Use I'Hopital’s rule to find lim —————.
x>0 X =X

. 4sec’xtanx + 2sin x cos x . 16sec’xtan’x + 4sec®x — 2sin’x + 2cos’x

1= i dsectan i : -]
x=0 4x” —2x x>0 12x° -2

Problem 3 [ /7 marks|

Consider the function f(z)=+/z?In(z)+4 — 22, where z € RT

a) The distance [ between the origin and any point on the graph of f is given by
I=dist(O, M)
where M has coordinates (z, f(x))
thenl(x) = /2% + f(x)?

=+v/2%In(z) +4

b) To find the closest point C to the origin,
we derivate I(x):
CEQ% +2zIn(x)

/ —
l (IL‘) N 2/ z2In(z) +4

1
= | Ci(e 2, /J——=+4—1) | =(0.607,1.86)

Problem 4 [ /19 marks]

Consider the family of functions f,(x)=cos"(z), where z € R and n € N.

(a) /cos”(:r:)dx:cos(”_l)(x)sin(x) - /(n —1)cos" 2 (z)(—sin(x))sin(x)dz

= cos" "V (x)sin(z) + (n — 1)/cos("_2)(x)sin2(x)dx
— cos™D(z)sin(z) + (n —1) / cos™ =2 (2)(1 — cos(x))da

= cos" "V (z)sin(z) + (n — 1)/003("_2)(x)dx —(n— 1)/cosn(x)dac (forn>1)



(b) Hence : (14+n— 1)/fn(m)da:: fn—1)(x)sin(x) + (n — 1)/f(n_2)(x)dx

- / folwyde =30 oy L) / Fnzy(@)da

(c) Therefore /cos4da:: /f4(m)da: = sin4(x) cos®(x) +@/cos2dm

_ sin(x)

=— cos®(x) +%(% + L sin (z) cos (2))

1. 3 3 . 3w
78in (z) cos®(z) + 55 sin (22) +

(:3—12 Sin(4x) —i—%sin (2x)+ %r)

(d) The volume of the solid of revolution formed by the rotation of R around the x — axis

| a A
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it V= [ (pe)de = fcovtda =T [ sn(a)cos(e) + Fam 2) ¢ ﬂ_

(e) i) The Maclaurin series of fy(x) is the binomial expansion of (1 - §+%+ O(x6)>n

n n— x? x4 nn—1) 41— x? x4 nn—1)(n—2 x? R

= ()" + (L) NS T O(af)) R D2 (L2 T o)) nn s M D 2y 8
22 | nazt | nab

- 2 T2 T T

n(n —1) a:4+n(n —1) 2246
2 4 2 48

. x? n nn—1)\ 4 n n(n—1) n(n—1)(n —2)

6
720 18 2 )x +
= 1—nZ |+ 5 Bn2—2n)2t + ..
if) Hence lim S22 =1 jiny Long (+O(z*) =lim g n
z—0 IL‘Q _x—>0 IL‘Q _x—>0 $2 2




Problem 5 [ /17 marks |

The function f is defined by f(x)=4%, where z € R.

(a) £71(8) =loga(8)~loga(vA x 4) =[ 7|
(b) g(x) =1+ loga(z)
i) g () =272
i) g7 (22 +2) =22 =4% = f(z)
therefore the sequence of transformation is : —horizontal translation of two units left

—horizontal contraction of factor 2

(C) (f o g)(x) :41+10g2(a:) _ 41 % 410g2(a:) —4 x (210g2(z))2 :41,2

. 1 42
(d) 1) 2x_1+2fc+1:2z+1

3 4.2
N o 4z y
ii) R—A 2$+1d33 /

3 1
:A (2.’1?—1+2x—+1)d1‘

1 3
:[ 2—x——1n(2x—|—1)]
2 1

:(9—3—%1n(7)>—<1—1—%111(3)) R

=[ 6+2m(%) 1103




Problem 6 [ /20 marks ]
Question on kinematics.
Please see Paper II Question 5
Problem 7 [ /5 marks|
Box 1 contains 5 red balls and 2 white balls.
Box 2 contains 4 red balls and 3 white balls.
(@) Aboxis chosen at random and a ball is drawn. Find the probability that the ball is red. [3]

Let 4 be the event that “box 1 is chosen” and let R be the event that “a red ball is drawn”.

(b) Determine whether events 4 and R are independent.

a) P(red)z%x%—&-%xé:_

1 5
b) P(red|box1)= P(;e(izzrl) =2 T = % +* % = not independant.
3

Problem 8 [

A discrete random variable, X, has the following probability distribution, where a >0 and &
is a constant.

X 0 a 2a 3a
P(X=x) k 3K 2K K

(a) Show that k= %
(b) Find P(X< 3a).
() Find P(X2a|X<3a).

(d) Given that E(X) =20, find the value of a.

(a) k+3k2+2k2+ k2 =1 =6k*+k—1=0 A=25 k="1" ask>0k=15
(b) P(X<3a):k+5k2:

_ P(X>2anX<3a)  P(X=2a) _ 2k?
(¢) P(X >2a|X <3a)= P(X <3a)  P(X<3a) kibokZ

o ofol

=]
4

(d) E(X) =k x 0+ 3k%a + 2k2a + k?3a = 10ak?<20 with k=~ then

(2]

/ 13 marks |

(3]
(2]
(3]
(3]



