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A calculator is not allowed for this fisrt part

Problem 1 [ / 19 marks ]

(a) Solve z2=¡1¡ 3
p

i; giving your answer in the form z= r(cos�+ i sin�)

the modulus of ¡1¡ 3
p

i is 2, and its argument is arctan( 3
p

)=�

3
+�= 4�

3
+2k�

therefore the modulus of z is 2
p

and its argument is 2�

3
+ k�, then z=

2
p ¡

cos2�
3
+ i sin2�

3

�
2

p ¡
cos5�

3
+ i sin5�

3

�
Verification : If z=� 2

p �¡
¡1

2

�
+ i

3
p

2

�
=� 2

p

2
(¡1+ 3

p
i)

then z2= 1

2
(1¡ 3¡ 2 3

p
i)=¡1¡ 3

p
i ok!

(b) Let z1 and z2 be the square roots of ¡1¡ 3
p

i

z1=
2

p

2
¡ 6
p

2
i z2=¡ 2

p

2
+ 6
p

2
i

Let z3 and z4 be the square roots of ¡1¡ 3
p

i

z3=
2

p

2
+ 6
p

2
i z4=¡ 2

p

2
¡ 6
p

2
i

(c)
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Question 12 continued. 

 (c) (i) Argand diagram with all four points plotted in approximately correct positions
forming a rectangle. A2 

Note:  Award A1 for any two points plotted correctly on an argand diagram. 

Award A1A0 if the four points form a square. 

Condone absence of labels, coordinates if they are approximately in correct 
positions and same distance from the origin. Dotted lines not required. 

(ii) METHOD 1
attempt to find the length OR the width of rectangle (M1) 

22
2

× OR  62
2

×

length 6=  and width 2=

area of rectangle ( )12 2 3= = A1 

continued… 

The area of the rectangle is : A=base�hight= 2
p
� 6
p

= 2 3
p

(d) 1
¡ 1
w

�
4+2

¡ 1
w

�
2+4=0, 1+2w2+4w4

w
=0 then w root of 4w4+2w2+1=0

p=4; q=2; r=1

(e) 1

z1
= z1

?

jz1j2
= z1

?

2
same for the other kj then A0= base

2
� hight

2
= A

4
= 3

p

2
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Problem 2 [ / 6 marks ]

– 12 – 2224 – 7106
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8. [Maximum mark: 6]

Use l’Hôpital’s rule to find lim
x

x
x x

x
!

"
"0

4 2

4 2
sec cos

.
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8. 

Note: To award full marks limit notation 
0

lim
x→

 must be seen at least once in their 

working. If no limit notation is seen but otherwise all correct, do not award 
the final A1.  

4

30

4sec tan 2sin coslim
4 2x

x x x x
x x→

+
−

A1A1 

Note: Award A1 for numerator and A1 for denominator. 

4 2 6 2 2

20

16sec tan 4 sec 2sin 2coslim
12 2x

x x x x
x

x
→

+ −
=

−
+ M1A1A1 

Note:  Award M1 for second use of l’Hôpital’s rule providing their expression is 
in indeterminate form as 0x→  and providing there is no third attempt at 
using l’Hôpital’s Rule. 

3= −  A1 

[6 marks] 
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3= −  A1 

[6 marks] 

= ¡3

Problem 3 [ / 7 marks ]

Consider the function f(x)= x2 ln(x)+ 4¡x2
p

, where x2R+

a) The distance l between the origin and any point on the graph of f is given by

l=dist(O;M)
whereM has coordinates (x; f(x))

then l(x)= x2+ f(x)2
p

= x2ln(x)+4
p

b) To find the closest point C to the origin,
we derivate l(x):

l 0(x)=
x2

1

x
+2xln(x)

2 x2ln(x)+4
p

0.5 1.0 1.5 2.0 2.5 3.0

1.8

2.0

2.2

2.4

l

O

M

C

l0(x)= 0 if x(1+2ln(x))= 0 )ln(x)=¡1

2
) x= e

¡1
2

) C:(e¡
1
2; ¡ 1

2e
+4¡ 1

e

q
) =�(0.607; 1.86)

Problem 4 [ / 19 marks ]

Consider the family of functions fn(x)= cosn(x); where x2R and n2N:

-1.5 -1.0 -0.5 0.5 1.0 1.5
-0.2

0.2

0.4

0.6

0.8

1.0

(a)
Z

cosn(x)dx= cos(n¡1)(x)sin(x)¡
Z
(n¡ 1)cos(n¡2)(x)(¡sin(x))sin(x)dx

= cos(n¡1)(x)sin(x)+ (n¡ 1)
Z

cos(n¡2)(x)sin2(x)dx

= cos(n¡1)(x)sin(x)+ (n¡ 1)
Z

cos(n¡2)(x)(1¡ cos2(x))dx

= cos(n¡1)(x)sin(x)+(n¡1)
Z

cos(n¡2)(x)dx¡ (n¡1)
Z

cosn(x)dx (for n>1)

2



(b) Hence : (1+n¡ 1)
Z
fn(x)dx= f(n¡1)(x)sin(x)+ (n¡ 1)

Z
f(n¡2)(x)dx

)
Z
fn(x)dx=

sin(x)
n

f(n¡1)(x)+
(n¡ 1)
n

Z
f(n¡2)(x)dx

(c) Therefore
Z

cos4dx=
Z
f4(x)dx=

sin(x)
4

cos3(x)+ (4¡ 1)
4

Z
cos2dx

= sin(x)
4

cos3(x)+ 3

4

¡ x
2
+ 1

2
sin (x) cos (x)

�
= 1

4
sin (x) cos3(x)+ 3

16 sin (2x)+
3x

8¡
= 1

32 Sin(4x)+
1

4
sin (2x)+ 3x

8

�

(d) The volume of the solid of revolution formed by the rotation of R around the x¡ axis

(b) Hence : (1+n− 1)
∫
fn(x)dx= f(n−1)(x)sin(x)+ (n− 1)

∫
f(n−2)(x)dx

⇒
∫
fn(x)dx=

sin(x)
n

f(n−1)(x)+
(n− 1)
n

∫
f(n−2)(x)dx

(c) Therefore
∫

cos4dx=
∫
f4(x)dx=

sin(x)
4

cos3(x)+ (4− 1)
4

∫
cos2dx

= sin(x)
4

cos3(x)+ 3

4

( x
2
+ 1

2
sin (x) cos (x)

)

= 1

4
sin (x) cos3(x)+ 3

16 sin (2x)+
3x

8

(
= 1

32 Sin(4x)+
1

4
sin (2x)+ 3x

8

)

(d) The volume of the solid of revolution formed by the rotation of R around the x− axis

Consider the family of functions  fn (x) = cosn x , where  x ∈   and  n ∈  .

(a) By writing  cosn x  as  cosn-1 x cos x , show that 

∫ cosn x dx = cosn-1 x sin x + (n - 1) ∫ cosn-2 x dx - (n - 1) ∫ cosn x dx  for  n > 1 . [4]

(b) Hence, show that f x x
n

x x n
n

f x xn
n

n( ) cos sin ( )d d! !" # $$
$

1 11
2  for  n > 1 . [2]

(c) Hence, find an expression for  ∫ cos4 x dx , giving your answer in 

the form  p cos3x sin x + q cos x sin x + rx + c  where  p , q , r ∈ + . [4]

The region  R  is enclosed by the graph of  y = cos2 x  and the  x-axis where ! " "# #
2 2

x , as 
shown in the following diagram.

p
22

11

0

y

x

R y = cos2 x 

The region  R  is rotated by  2p  radians around the  x-axis to form a solid of revolution.

(d) Find the volume of the solid. [4]

(e) (i) Find the Maclaurin series of  fn (x)  up to the term in  x2 .

(ii) Hence or otherwise, find lim ( )
x

nf x
x!

"
0 2

1
 in terms of  n . [5]

is : V =π

∫
(f2(x))2dx=π

∫
cos4dx= π

4

[
sin (x) cos3(x)+ 3

4
sin (2x)+ 3x

2

]

−π

2

−π

2
= 3π2

8

(e) i) The Maclaurin series of fn(x) is the binomial expansion of
(
1− x2

2
+ x4

24 +O(x6)
)n

= (1)n+n(1)n−1(−x2

2
+ x4

24 +O(x6))+n(n− 1)
2

1n−2(−x2

2
+ x4

24 +O(x6))2+n(n− 1)(n−− 2)
2

(−x2

2
+ ...)3

= 1−nx
2

2
+ nx4

24 + nx6

720 ···+
n(n− 1)

2

x4

4
+n(n− 1)

2

2x46

48 + ···

=· 1−nx
2

2
+
(
n

24 +
n(n− 1)

8

)
x4+

(
n

720 +
n(n− 1)

48 + n(n− 1)(n−− 2)
2

)
x6+ ···

=· 1−nx
2

2
+ 1

24(3n
2− 2n)x4+ ....

ii) Hence lim
x→0

fn(x)− 1
x2

=lim
x→0

1−nx
2

2
− 1

x2
(+O(x4) = lim

x→0

−nx
2

2

x2
= −n

2

3

is : V =�

Z
(f2(x))2dx=�

Z
cos4dx= �

4

�
sin (x) cos3(x)+ 3

4
sin (2x)+ 3x

2

�
¡�

2

¡�

2
= 3�2

8

(e) i) The Maclaurin series of fn(x) is the binomial expansion of
�
1¡ x2

2
+ x4

24 +O(x6)
�n

= (1)n+n(1)n¡1(¡x2

2
+ x4

24 +O(x6))+n(n¡ 1)
2

1n¡2(¡x2

2
+ x4

24 +O(x6))2+n(n¡ 1)(n¡¡ 2)
2

(¡x2

2
+ :::)3

= 1¡nx
2

2
+ nx4

24 + nx6

720 ���+
n(n¡ 1)

2

x4

4
+n(n¡ 1)

2

2x46

48 + ���

=� 1¡nx
2

2
+
�
n

24 +
n(n¡ 1)

8

�
x4+

�
n

720 +
n(n¡ 1)

48 + n(n¡ 1)(n¡¡ 2)
2

�
x6+ ���

=� 1¡nx
2

2
+ 1

24(3n
2¡ 2n)x4+ ::::

ii) Hence lim
x!0

fn(x)¡ 1
x2

=lim
x!0

1¡nx
2

2
¡ 1

x2
(+O(x4) = lim

x!0

¡nx
2

2

x2
= ¡n

2

3



Problem 5 [ / 17 marks ]

The function f is defined by f(x)= 4x; where x2R:

(a) f¡1(8)= log4(8)=log4( 4
p
� 4)= 3

2

(b) g(x)= 1+ log2(x)

i) g¡1(x)= 2x¡2

ii) g¡1(2x+2)=22x=4x= f(x)

therefore the sequence of transformation is : ¡horizontal translation of two units left

¡horizontal contraction of factor 2

(c) (f � g)(x)= 41+log2(x)=41� 4log2(x)=4� (2log2(x))2=4x2

(d) i) 2x¡ 1+ 1

2x+1
= 4x2

2x+1

ii) R=
Z
1

3 4x2

2x+1
dx

=
Z
1

3
�
2x¡ 1+ 1

2x+1

�
dx

=
�
x2¡x¡ 1

2
ln(2x+1)

�
1

3

=
�
9¡ 3¡ 1

2
ln(7)

�
¡
�
1¡ 1¡ 1

2
ln(3)

�
= 6+ 1

2
ln

¡ 7
3

�

The function  f  is defined by  f (x) = 4x , where  x ∈  .

(a) Find  f -1(8) . Express your answer in the form 
p
q

 where  p , q ∈  . [3]

The function  g  is defined by  g (x) = 1 + log2 x  , where  x ∈ + .

(b) (i) Find an expression for  g-1(x) .

(ii) Describe a sequence of transformations that transforms the graph of  y = g-1(x)  to 
the graph of  y = f (x) . [4]

(c) Show that  ( f  g)(x) = 4x2 . [3]

The function  h  is defined by h x x
x

x! " #
$

% &4
2 1

1
2

2

,  . 

The following diagram shows part of the graph of  h . Let  R  be the region enclosed by the 
graph of  h  and the  x-axis, between the lines  x = 1  and  x = 3 . 

R

y

x

h

1 3

(d) (i) Show that 2 1 1
2 1

4
2 1

2

x
x

x
x

! "
"

#
"

.

(ii) Hence or otherwise, find the area of  R , giving your answer in the form  p + q ln r , 
where  p , q , r ∈ + . [7]

5

4



Problem 6 [ / 20 marks ]

Question on kinematics.

Please see Paper II Question 5

Problem 7 [ / 5 marks ]
– 6 –

N21/5/MATHX/SP1/ENG/TZ0/XX

8821 – 7104

4. [Maximum mark: 5]

Box 1 contains 5 red balls and 2 white balls. 
Box 2 contains 4 red balls and 3 white balls.

(a) A box is chosen at random and a ball is drawn. Find the probability that the ball is red.  [3]

Let  A  be the event that “box 1 is chosen” and let  R  be the event that “a red ball is drawn”.

(b) Determine whether events  A  and  R  are independent. [2]
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12EP06

a) P(red)=1

2
� 5

7
+ 1

2
� 4

7
= 9

14

b) P(redjbox1)=P(red\box1)
P(box1) =

1
2
� 5
7

1
2

= 5

7
=/ 9

14 ) not independant:

Problem 8 [ / 13 marks ]

– 8 – 2225 – 7114
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Do not write solutions on this page.

Section B

Answer all questions in the answer booklet provided. Please start each question on a new page.

7. [Maximum mark: 13]

A discrete random variable,  X , has the following probability distribution, where  a > 0  and  k  
is a constant.

x 0 a 2a 3a 

P (X = x) k 3k2 2k2 k2

(a) Show that k =
1
3

. [5]

(b) Find  P (X < 3a) . [2]

(c) Find  P (X ≥ a | X < 3a) . [3]

(d) Given that  E (X ) = 20 , find the value of  a . [3]

(a) k+3k2+2k2+ k2=1 ) 6k2+ k¡ 1=0 �= 25 k= ¡1� 5
12 as k > 0: k= 4

12 =
1

3

(b) P(X<3a)=k+5k2= 8

9

(c) P(X > 2ajX < 3a)=P (X > 2a\X < 3a)

P (X < 3a)
= P (X=2a)

P (X < 3a)
= 2k2

k+5k2
=

2
9
8
9

= 1

4

(d) E(X)= k� 0+3k2a+2k22a+ k23a = 10ak2=20 with k= 1

3
then a= 18

5


